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Abstract 

We develop a general technique for computing functional integrals with fixed 
area and boundary length constraints. The correct quantum dimensions for the 
vertex functions are recovered by properly regularizing the Green function. Explicit 
computation is given for the one point function providing the first one loop check 
of the bootstrap formula. 
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Introduction 



In a preceding paper P, denoted in the following by (I), we developed the heavy charge 
approach to the correlation functions in Liouville theory on the pseudosphere. Here we 
extend the treatment to the richer case of Liouville theory on a finite domain with con- 
formally invariant boundary conditions. The bootstrap approach to such a problem was 
developed in the seminal papers by Fateev, Zamolodchikov and Zamolodchikov 2J and 
Teschner |S] providing several profound results; in particular the exact bulk one point 
function and the boundary two point function were derived. Further results were ob- 
tained in As done in (I) for the pseudosphere, here we want to approach the 
problem in the standard way of quantum field theory, i.e. by computing first a stable 
classical background and then integrating over the quantum fluctuations. 
In section ^ we separate the action into the classical and the quantum part and we derive 
the boundary conditions for the Green function. 

In section |2 we develop the technique for computing the constrained path integrals by 
explicitly extracting the contribution of the fixed area and fixed boundary length con- 
straints. Then we consider the transformation properties of the constrained N point 
vertex correlation functions under general conformal transformations. The key role of 
such development is played by the regularized value of the Green function at coincident 
points, both in the bulk and on the boundary. The non invariant regularization of the 
Green function suggested by Zamolodchikov and Zamolodchikov in the case of the pseu- 
dosphere |H] and its generalization to the boundary are essential. We prove that the 
one loop contribution (the quantum determinant) provides the correct quantum dimen- 
sions ^Hj to the vertex operators. 

In section 0] we deal with the computation of the one point function. The background 
generated by a single charge is stable only in presence of a negative boundary cosmologi- 
cal constant; we compute the Green function on such a background satisfying the correct 
conformally invariant boundary conditions by explicitly resumming a Fourier series, as a 
more straightforward alternative to the general method employed in (I) for the pseudo- 
sphere. Such a Green function and its regularized value at coincident points are given in 
terms of the incomplete Beta function. 

The presence of a negative boundary cosmological constant imposes to work with some 
constraints and the fixed boundary length constraint is the most natural one. It is proved 
that the fixed boundary length constraint is sufficient to make the functional integral well 
defined because the operator whose determinant provides the one loop contribution to the 
semiclassical result possesses one and only one negative eigenvalue. However, to compare 
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our results with the ones given in [2j at fixed area A and fixed boundary length /, we 
introduce also the fixed area constraint. Exploiting the decomposition found in section |21 
we are left with the computation of an unconstrained functional determinant, which we 
determine through the technique of varying the charges and the invariant ratio A /I 2 . 
The one loop result obtained in this way agrees with the expansion of the fixed area and 
boundary length one point function derived through the bootstrap method in j2] and for 
which there was up to now no perturbative check. 

In appendix El we analyze the spectrum of the operator occurring in the quantum deter- 
minant. 



1 Boundary Liouville field theory 

The action on a finite simply connected domain T with background metric g a b = S a b in 
absence of sources Ej is 
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where Q = 1/6 + b, k is the extrinsic curvature of the boundary dT, defined as 
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where A is the parametric boundary length, i.e. dX = a/ d(d(. The integration domain 
r e = T\ U n=1 7n is obtained by removing N infinitesimal disks 7„ = {\( — ( n \ < e n } from 
the simply connected domain T. 
The boundary behavior of near the sources is 

0(C) = -a n log|C -CI 2 +0(1) when C ^ Cn • (1.4) 
In order to connect the quantum theory to its semiclassical limit it is useful to define ^T] 
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Then, we decompose the field <p as the sum of a classical background field (p B and a 
quantum field 

<p = <p B + 2b X . (1.6) 

The condition of local finiteness of the area around each source and the asymptotic be- 
havior (H3J) for the field <p imposes that 1 - 2r] n > [El US Ej- 

Then, we can write the action as the sum of a classical and a quantum action as follows 



Sf,n[(P} = S d [ip B ] + S q [<f B , x] ■ 
The classical action in absence of sources is given by 
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and in presence of sources it goes over to 
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while the quantum action reads 
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For the classical background field, we assume the following boundary behavior 

<p B (() = -2^ log |C-Cn| 2 +0(1) when C - Cn ■ (l.H) 

Under a generic conformal transformation £ — > £ = £(£) the background field changes as 
follows 
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so that e m d 2 C t is invariant, while the extrinsic curvature becomes 

k ^ s = -L L + Uf x a (]ogJ - f x a slog j)) , C (A) ear (i.i3) 



where J = |<i£/<iC| 2 . Under such conformal transformations the classical action both in 
absence and in presence of sources is invariant up to a field independent term. Thus, the 
classical action ()1.9|) by variation of the field ip B gives rise to the conformally invariant 
field equation 

N 

-d&y B +27Cflb 2 e^ = 27r^ n 5 2 (C-Cn) (1.14) 

71=1 

which is the Liouville equation in presence of N sources, and to the following conformally 
invariant boundary conditions for the classical field 

-^(l^-I s ^) = i + • <(A)£ar - (L15) 

The field independent terms which appear in the change of the actions under a conformal 
transformation are 

S d ,o[0 B ] = S dj0 [ip B ] + -±^(^j^k\ gJd\ - ^klogJdXj (1.16) 
where J = \d(/d(\ 2 = 1/J, while in presence of sources we have 
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The requirement that the expectation value of 1 be invariant under conformal transfor- 
mations, i.e. the invariance of the vacuum, imposes to subtract the term 

k\ogJd\- (f klogJdX) (1.18) 
ar Jar J 
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from the r.h.s. of (jl.lfij) and (|1.17j) when computing the transformation of the vertex cor- 
relation functions under conformal transformations. The term ()1.18j) vanishes identically 
for the conformal transformations which map the unit disk into itself, i.e. the 577(1, 1) 
transformations. In this way one obtains the semiclassical conformal dimensions of the 
vertex operators e 2 ^™/ 6 )^™) 

-<*Jl-a n ) . (1.19) 
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We recall that fib 2 and \x B b 2 have to be kept constant when b — > [21 E|- 

Using the equation of motion for the classical field, the boundary conditions (jl.l5|) and 

the behavior at the sources 1)1. the quantum action (jl.lOj) becomes 
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Integrating by parts the volume integral in (jl.2()j) we obtain 
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By expanding in b the boundary conditions for the full field if = (p B + 2b\ , which are 
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and using the boundary conditions ()1.15|) for the classical background field ip B extracted 
from the classical action we get the boundary conditions for \ 



d( 



d( 



2^[dX d < X -^ d < X 



dX 



V B be^/ 2 U b *-l) + ^-b 



, C(A) G dT (1.23) 
/4,6 s e^/ 2 X + b f A + /i fl 6 2 e^ 2 A ) + 0(b 2 ) . 
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With the field \ satisfying (jl.24j) . we are left with the following quantum action 

(2b X ) k 
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The first term of the second line is O(b ) while the other boundary terms are 0(b) or 
higher order in b. 

Thus, imposing on the Green function g((, (') of the following operator 

D = --dcd? + 4/i& 2 e^ (1.26) 

7T 

the mixed boundary conditions (jl.24|) . i.e. 

~hi {^ d<9iCC) ~ §, d < 9iCC) ) = ^ b2eiPB/2 9(CX') , CWedT (1.27) 

we can develop a perturbative expansion in b. The Green function of the operator D 
satisfies 

Dg(CX') = 5 2 (C-C) (1-28) 

and, due to the covariance of D and of the boundary conditions (jl.27J) . it is invariant in 
value under a conformal transformation ( — > ( = (((), i.e. 

g(CC) = g(CX')- (1.29) 
2 Constrained path integral and quantum dimensions 

The partition function in presence of sources is given by 

Z(( 1 , Vi ,...,(n,Vn;v,H b ) = Jv[<f)}e~ s ^^ (2.1) 

with 

/°° dl f°° dA 

7 e ~ 7o ^ e ~ Mz (Ci^i---0v,^;v4,0 (2.2) 

where we have used the conventions of and 

Z(( 1 ,7 }1 ,...,(n,Vn;A,1) = e- s ^Aljv[x}e^^x (2.3) 

x 5 (J e^ +2bx d 2 ( -a\s(£ e^ /2+bx d\ - ?j . 

The classical background field ip B satisfies the Liouville equation (|1.14j) with boundary 
conditions (|1.15|) and 

A = I e lpB d 2 C (2.4) 
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Substituting (|1.25|) in ()2.3|) and exploiting (|2.4jl and (|2.5|) . we have to one loop 

Z(Ci,i7i,...,Cv,^;A0 = e~ SM ^I (2-6) 



where 



/ = e -&ior>°<f*<* Jt>[ x ] e-^ x > Dx) 5^J e^x^CjSyj e* B/2 X d\j . (2.7) 

The seemingly non perturbative factor 1/b 2 in ()2.6|) is due to the presence of the con- 
straints. 

Using the integral representation for the two delta functions [15 j we have 
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In the following we shall use the notation <£>s(A) to denote the field f B computed at the 
boundary point £(A) G <9r and g((, A) and p(A, A') to denote the values of the Green 
function with one or two arguments on the boundary. 
Performing the field translation 

X(0 = X'(0 + *P [ 9(C, e**«VC + irl g(C, A) e^ 2 d\ (2.9) 
Jr Jar 



we reach the result 



where M is the matrix 



e * 



SF far fc VB d\ 



27T V / detM DetL> 



(2.10) 



with 



M = | £ * ) (2.11) 



L = (p (p e^ (A)/2 dA^(A,A / )rfA'e^ (A ' )/2 (2.12) 
Jar Jar 



S = e^ ) d 2 Cg(CX')d 2 C'e lpB{C) (2.13) 



r Jr 



R = f I e VB{ °d 2 ( g((,\)d\e VB{x)/2 (2.14) 
Jr Jar 

and (Det/})" 1 / 2 is the unconstrained path integral 

(DetDy 1/2 = Jv[ X ] e-^ x ' Dx) (2.15) 
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with x satisfying the boundary conditions (jl.24|) . 

In section f!3.4|) it will be proved that the expression (j2.10j) holds also when the operator 
D has a finite number of negative eigenvalues, in which case |Det.D|~ 1//2 is defined by 



TT^= fv[ X ±]e-^' D ^ (2.16) 
/ v ~ 7 

with k running over the negative eigenvalues fi^ and x± spans the subspace orthogonal 
to the eigenfunctions of D relative to the negative eigenvalues. 

We are interested in the transformation law of / = J(Ci, ?7i, • • • , Cn, Vn] A under a 
conformal transformation ( — > ( = C(C)- 

We notice that the matrix elements of M are invariant under conformal transformations; 
hence we have to study the transformation properties of 

h = e -^^ k ^ dX Jv\x] e-'^ Dx) . (2.17) 

To this end, we consider the eigenvalue equation 

(-^C«9c+ 4 ^ 2e " S ) Xn = VnXn (2.18) 

with boundary conditions 

" hi ( % dan - ax d < Xn ) = ^ eiPB/2 Xn ' C(A) e dT • (2 - 19) 

Taking the variation of ()2.18j) . we get 

(-^d z d- z + 4fib 2 e^ 6 Xn + 4x„5(^6 2 e^) = 5^ nXn + ^Xn ■ (2-20) 

Then we multiply ()2.20|) by Xn an d we integrate the result on the domain T. Exploiting the 
orthonormality of the eigenfunctions Xn, the eigenvalue equation ()2.18j) and the divergence 
theorem, we get 

8fi n = 4^xlS{vb 2 e^)d 2 ( - -L ^(xndJxn- SXndnXn)d\ (2.21) 
where dh denotes the outward normal derivative on the boundary 



On the other hand, the variation of the boundary conditions ()2.19j) gives 

" hi ( % dc6Xn ~ d < 6Xn ) = ^M 2 ^ 2 ) X» + ^b 2 e^' 2 6 Xn , C(A) e dT . 

(2.23) 



S 



Using (PTE?|) and flUHJ), we find that (l2~2Tl) becomes 

Sfin = 4 / Xn(C) 5 (//&V«) ^ 2 C + / Xn(A) 5(// fl &W 2 ) dA . (2.24) 

Jar 

At this point, exploiting the spectral representation of the Green function, i.e. 

//■ >A \ r Xn(C)Xn(C ) / n OK \ 

we get the variation 

i (log (Deter" 2 ) = -\T.1T < 2 ' 26) 

nil 
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where the Green function at coincident points in the bulk and on the boundary appear. 
Such quantities are divergent and have to be regularized. 

We have already learnt that the correct regularization in the bulk is the one suggested by 
Zamolodchikov and Zamolodchikov [E1G], i-e. 

g(C = lim { g(C CO + I log | C - Cf ] (2-27) 



c-c r 2 

while g B (A, A) will be similarly defined by simply subtracting the logarithmic divergence. 
Notice that g B (X, A') diverges like log |A — A'| 2 when A' — > A and not like 1/2 log |A — A'| 2 , 
as one could naively expect. A general argument for this behavior is the following 1 . 
After having transformed the simply connected domain T into the upper half plane H, the 
Green function for the operator D with Neumann boundary conditions satisfies 



d d 



flv(£,£') = when £GK (2.28) 



hence its behavior near the boundary (Im£ — > 0) is given by the method of the images, 
i.e. 

^(co = -\ iog(e - e'xe - eo - ~ iog« - eO(e- eo + • • • (2.29) 

which satisfies ()2.28jl . 

The complete Green function g(£, £') with mixed boundary conditions ()1.27|) has the form 



<7(£,eo = A(e,o (-^logce-eoce-eo-^Me-eoce-eo+c^o) 



(2.30) 



1 We are grateful to Giovanni Morchio for providing the described argument. 
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where A(£,£') and C(£, £') are regular functions jTB] with A(£, £) = 1. The mixed bound- 
ary conditions ()1.27|) for <?(£,£') then read 

(2.31) 

for (el, i.e. 
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In the bulk for £ = £' we have 



1. ^ , |2 1 



<K£,0 ~ -^log|£-£ 



while for both £ = x and £' = a;' on the boundary R = <9H we have 

g(x, x') ~ — log \x — x'\ 2 + C(x, x) . 



(2.33) 



(2.34) 



We notice that the finite part of £') in the bulk for £ going to the boundary coincides 
with the finite part of g(x, x') on the boundary, which is given by C(x, x). Such a boundary 
behavior will be verified explicitly for the Green function on the background generated by 
one source in sect ion l3~2{ where also the finite terms at coincident points will be computed. 
Thus, coming back to the general simply connected domain T, we define the regularized 
value of the Green function on the boundary at coincident points as follows 



g B (X, A) = Jim { g{\ A') + log |A - A'| 2 } 



^2.35) 



Now we observe that, since the Green function g((, (') is invariant in value under a 
conformal transformation ( — > ( = C(C)> then its regularized values at coincident points 
change as follows 



and 



9b (A, A) — ► Sb(A,A) = Sb(A,A) + log 



d( 2 



d( 



d( 2 



when 



(2.36) 



d( 



C(A) G 8T . (2.37) 



We shall compute the change of ()2.17|) I\ — > I\ under a conformal transformation by 
computing the transformation properties of its derivatives w.r.t. rji, . . . , rjw, A and I. 
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The logarithmic variation of I\ is given by 

(Hog/i = S[-— I ~k(p B dX\ (2.38) 
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The terms in the second line can be rewritten as 



2 / ~g((,()5(fib 2 e^)d 2 ( - \ I g B (X, A) 5 {ji B b 2 e LPBl<2 ') dX = (2.39) 
Jr 1 Jar 

= -2 [ g(C,C)5(fib 2 e^)d 2 C - \ <f> g B {X, A) % B fcW 2 ) dX 
Jr 1 Jar 

log J 6(fib 2 e* B )d 2 ( -\ <f> log J 5(fi B b 2 e* B/2 )dX 
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where J = \d(/d(\ 2 is independent of T]\, . . . , t/n, A and I. 

Using the Liouville equation (|1.14jl for <p B and the boundary conditions ()1.15j) . we obtain 
for last two terms in ()2.39|) 

~ 6 logJ 'oj + 6 8^i/ <fia (d c log Jd( - a f logJdc) + ^ jf klogJdX 

(2.40) 

The term in ()2.38|) containing the curvature becomes 

-'- / k <p B dX — — <p ip B (dc log J — <9j log J — — / klogJdX 
4tt /qt 8ttz J 9t V s / 4vr / aF 

(2.41) 

where we have used the transformation law (|1.13|) for k under conformal transformations. 
Summing the two contributions and taking into account that the term 

^- (j k log J dX - j> k log J dX^j (2.42) 

does not depend on rji, . . . , r/ N , A and I, we find that 

6 log/j = 5 log/i - 5 (^J2vj log J| J (2.43) 

which gives 

log /i = log /i - £ % log J| c . + /(Ci, • • • , Cat) (2.44) 
i = i 

where /(Ci> • • • > Cat) is independent of r]i,...,r] N , A and /. Since for vanishing 771 the 
vertex correlation function has to be independent of 0, we have that /(Ci, ■ • • , Cat) does 
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not depend on d and, similarly, on (2, • • • > Cn- 
As the conformal dimensions A Qfe are given by 



A s 1 Cfc = _ be — '—- - (2 45) 

Qfc d(k d( k g ( e 2Q ^(CO . . . e 2 ^^) ) ' 1 ' 



the relation ()2.44|1 provides the one loop quantum correction to the semiclassical dimen- 
sions 

l£p> ^ A , /t = ^ + , = a(i +6 - a ) (2.46) 

which coincide with the exact quantum dimensions jlOj . In particular the weights of the 
bulk cosmo logical term e 2b< ^ become (1, 1). 



3 The one point function 

Through a conformal transformation, one can always reduce the finite simply connected 
domain T to the unit disk A. The classical and the quantum actions are given by (J1.9J) 
and (jl.25|) respectively, with k — 1. The parametric boundary length in the case of the 
unit disk A is given by the angular coordinate 9. 

We shall consider the one point function, i.e. one single source of charge 771 = rj placed in 
Z\ = 0, without loss of generality. 



3.1 The classical action 

The solution of the Liouville equation (jl.l4j) with iV = 1 on the unit disk is (21 E| 

1 a 2 (l-2r?) 2 9 . , 

= — i ? /i>0, 0<a 2 <l 3.1 

with fi > and 1 — 2r/ > 0. The condition a 2 < 1 is necessary to avoid singularities inside 
A except for the one placed in 0. The boundary conditions ()1.15|) when T = A read 

-r 2 d r 2ip c = 1 + 2tt /2 B b 2 e Vc/2 when r = \z\ = 1 (3.2) 

and this condition on the solution ()3.1)1 provides the following relation between a 2 and 
the scale invariant ratio of the cosmological constants 

V^b^ = - 1 -±^. (3.3) 

V7* ^\ a \ 

It is important to remark that the semiclassical limit can be realized only for /i s < 0. More 
precisely, from ()3.3)1 . we find that the scale invariant ratio of the cosmological constants 
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has to be y/n 6/4,/ y/Jl < — 1 . 

The classical field (13. lj) gives rise to specific expressions for the area A and the boundary 
length I of the unit disk in terms of the bulk cosmological constant fi, the charge r\ and 



parameter a 2 



A = [ e-A = 1 2^LzM (3.4) 

, = / = ^l' 1 - 2 "' = -J- ^-fty 2 ) (3.5) 

7aA 0\/^ l-a 2 /i B 6 J I -a 1 

where in the last step of ()3.5|) we have employed (|3.3j) . A useful relation we shall employ 
in the following is 

a 2 = 1 - 4vr ^ (1 - 277) . (3.6) 

Given the classical solution 1)3.1 J) , we can compute the classical action ()1.9)1 on such a 
background. The result is 

S d Wc] = Q +M + Mb I (3.7) 

where j2j 

72 / 

= 6 2 ^[^c] = t— j+(l-27y) Nog— + log(l - 2»7) - 1 

= (1 - 277) ( + log |a| - i l0g(7T^ 2 ) + log(l - 277) - 1 



(3i 



3.2 The Green function 



The Green function on the background generated by one heavy charge satisfies the fol- 
lowing equation 



Dg(z,t) = (-^d z dz + 4 fjl? e Ve J g(z,t) 



(3.9) 



2 „ „ 4a 2 1 — 2?7 2 , 
-4^ + — i ^ -2 ]g(z,t) = 5 2 {z-t) 



and its boundary conditions are 



d 

-r 2 ^g{z,t) = ti ii B b 2 e^ /2 g(z,t) when r 2 = 1 (3.10) 
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where z = re td and tp c is the classical background field (|3.ip . Exploiting the relation 
f!3.3|) derived from the boundary conditions of (p c , the boundary conditions for the Green 
function read 

(zd z + zd 2 )g{z,t) = (l-2 V )^^g{z,t) when \z\ = 1 . (3.11) 
To compute g(z,t) in the simplest way, we expand it as a sum of partial waves 

g(z,t) = ^ 9m(%,y) cos (m(0 x - 9 V )) (3.12) 

where x = \z\ 2 and y = \t\ 2 . The Fourier coefficients g m (x,y) are symmetric in the 
arguments and satisfy the following equation 

d ( d \ m 2 4a 2 (l-2r?) 2 \ . . , p . . . . 

2 ^ J + 2^ + ^-a^-^J U:E ' y) = (3 - 13) 

with do — 1 an d d m = 2 for m ^ 1. They are given by 

g m (x,y) = 0(y - x)a m (x)b m (y) + 6(x-y)a m (y)b m (x) , m^O (3.14) 

where both a m (x) and 6 m (x) satisfy the homogenous version of ()3.13|) . The functions 
a m (x) must be regular in x = and, to reproduce the delta singularity, the wronskian of 
the solutions a m and b m must be 



da (r 2 ) 2 db {r 2 ) 2 1 

— « b { r ) ~ a {r ) = - 

or or r 

da m {r 2 ) 2 dfr m (r 2 ) , 2n 2 , 
M r ) 5 a m (r ) = - , m ^ 1 . 



(3.15) 



ar ar r 

The boundary conditions f)3. lUj) are translated into 

9 1 + a 2 

ZUtt b m {y) = (1 - 27/) ~&m(z/) when y = 1 , m^O. (3.16) 

ay 1 — tr 

The solutions for m = are 

Q ° (X) = 1 - a¥-^ ^ ) = -2Tl^) U-aV 2 ^ ^ + J ( ?) 

while a m (x) and b m (y) formal read 

i™/ 2 I m - (1 - 2n) aV _ 2 „ 



«»W = 17^ ( 1 - m+ ; i _ 2 'i °^j (3.18) 

bmiv) = - f V n ( (1-27|) - + y (l-y")- m (l+y") ■ (3-19) 

m(m — (1 — 27/)) V 1 — cry 1 / 
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For a 2 — > 1, the expressions of a m (x) and b m (y) go over to their counterparts on the 
pseudosphere [I]. 

Given a m (x) and b m (y), the series f!3.12|) can be explicitly summed [UHE1- The result is 

g(z,t) = <^ ^ logcu(z,t) + } 3.20 

1 1 

x 



l-a 2 (zz) 1 -^ 1- a 2 (tty- 2 'n 

a 2 V±2 £ F( 277,1; l + 2r7; */*) + a 2 ^ - F(2 - 2n, 1; 3 - 2n; z/t) + c.c. 

277 t 2(1-77) * 

zt F(2ri, 1:1 + 2m zt) - a 4 — — zt F( 2 - 2ri, 1:3 - 2m zt) + c.c. 

277 2(1 - 77) 

This Green function can be also obtained by applying the general method developed in 

pom 113. 

In the limit a 2 — > 1 for z and i fixed we recover the Green function of the pseudosphere 
PU E], which has also a well defined limit 77 — > 0. On the other hand the limit 77 — > 
of g(z,i) for fixed a 2 < 1 is singular and this fact is related to the occurrence of a zero 
mode when 77 = (see appendix EJ. Thus the two limits a 2 — ► 1 and 77 — > of the Green 
function ()3.2()j) do not commute. 

The regularized value g(z, z) of this Green function at coincident point is defined in ([2.27)1 . 
To compute it, we can expand log \ z — 1\ 2 as a Fourier series with symmetric and factorized 
coefficients by employing 

1 1 1 / \ rn l 2 

- log \z - t\ 2 = - logy - V - - cos (m(0 x - 0,)) (3.21) 

where x = min(|,2|, \t\) and y = max(\z\, \t\). Adding ()3.21|) to ()3.12|) and computing the 
result at coincident points, we get a series representation for g(z, z), which can be summed 
explicitly. 

Otherwise, we can apply directly the definition (|2.27j) to (|3.20jl . obtaining the same result, 
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i.e. 

. l + aHzzV-^Y, , s 1 l + a 2 (zzY~ 2r > , . 

g(z,z) = — log (l-zz) — 3.22 

1 1 - a 2 (zzY~^ J V ' 1 — 2*7 l-a 2 {zzy-^ V ' 

2 (zz) 1 -^ 



+ 7- 2 /, 12 ,2 (^-(2^0)+a 4 i? 22 (2-2r / ,0) 
( 1 - a 2 (zzy- 2r i) v 



+ a 2 (2 7E + ^(2r/)+^(2-2r7)-log^)) . 



where 7 B is the Euler constant and t/>(:e) = T'(x)/T(x). 

For a 2 -> 1 we have that g(z, z) in the bulk becomes the corresponding function on the 
pseudosphere [HUH!, hence the two limits a 2 — > 1 and t — > z of the Green function ()3.2()j) 
commute. 

By using the expansion of the incomplete Beta function B x (a, 0) around x = 1 [UHE], we 
find that the boundary behavior of g(z, z) is 

g(z,z) = - log(l - zz) - -L- - 2 7i5 - 2^(1 - 2ty) + 27rcot ( 2 ^) 

1 — 2?7 1 — er 

+ O ((1 - zz) log(l - z*)) . (3.23) 

We notice from this formula that the two limits a 2 — > 1 and |z| — > 1 of g{z,z) do not 
commute. 

The regularized value of the Green function on the boundary is defined in ()2.35jl . Again, 
its explicit expression can be obtained either by taking the limit (j2.35j) on ()3.2()j) or by 
summing explicitly the series given by 

g(e i0 ,e i9 ') = a (l) &o(l) + J] a m (l) b m {l) cos (m{6 - 9')) (3.24) 

m ^ 1 

and 



^ c os (m(6 -6')) = log | e ie - e 10 ' | 2 = log (2 - 2 cos(# - 6')) 

= 2 log \6 - 9'\ + 0({9 - 6') 2 ) . (3.25) 



m 

m > 1 



The result is 

m( e,e) = --i- - 2 7 .- 2*1-2,) + (3.26) 
which is independent of by rotational invariance. 

We notice that g B (9, 6) coincides with the finite part of g(z, z) when \z\ — > 1, as shown in 
general in section [21 
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3.3 Fixed area and boundary length expansion 

At the semiclassical level, formula ()3.3|) coming from the boundary conditions (jl.l5|) for 
the classical field ip c tells us that \i B < 0; hence, from (jl.2j) . we have to work at least with 
fixed boundary length /. The semiclassical value of the action at fixed area A and fixed 
boundary length I has been computed in [2] and it has been reported in ()3.8|) . 
To compute the quantum determinant at fixed area and boundary length, we perform a 
constrained functional integral by exploiting the results obtained in section 121 for the N 
point functions. For the one point function, (J2.1)) becomes 

(e %/6),(0) ) = U{mfl)flB) = l^fe-^j^e^Z^Al) . (3.27) 

In order to understand the dependence of Z(rj; A, I) on its arguments, it is useful to define 
if c as follows 

( lY (I -a 2 ) 2 ( I \ 2 . , , 

e* c = — i - 5 = — e Ve 3.28 

((zz)i -a 2 (zzy-v) 2 \2tiJ 

where (p c depends only on r\ and a 2 . Using 

= ^ (3.29) 
and the definition ()3.28|) of <p c , from ()2.6|) we find to one loop 

Z(rj; A, = e- s ^ A ^ 2 M£ Jv[ X \ 5 (J e^ X d 2 z^ 5 [e^ 2 j> X dfi) . 

(3.30) 

Exploiting the relation ()3.6j) . we get the following structure 

Z( m A,l) = e-^(^)/ fe2 ^^/(r ? ,A// 2 )(l + 0(6 2 )) (3.31) 



After expanding x( z ) i n circular harmonics 

X(z) = ^2 Xm(x) cos(m6) , x = \z\ 2 (3.32) 

we notice that the constraints involve only the m = component of the quantum field 
x(z)'i hence we are left with the following constrained quadratic path integral to one loop 



Z( m A,l) = e -*(^0/*M£ Jv[ X ]e-^ D *U^J^e^ X ^)dxy(e^ 

(3.33) 

The integrations over the partial waves with m ^ give no problems because the con- 
straints involve only the m = sector of the quadratic functional integral ()3.33|) . 
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3.4 The m = sector 

In this subsection we shall examine the m = subspace. In appendix [X] is proved that 
the operator Do, i.e. D acting on the m = subspace, has one and only one negative 
eigenvalue. To simplify the notation, we shall denote by ((z) the field Xo{ z )i by (\{z) the 
normalized eigenfunction of Do associated to the unique eigenvalue fii = (2/7r)Ai < and 
by C±( z ) the component of Xo( z ) orthogonal to (i(z). 

First we prove that the fixed boundary length constraint is sufficient to make the functional 
integral ()3.33j) stable. Exploiting the integral representation of the 5 function, the fixed 
boundary length constrained path integral is given by 

Y = h I V[C] f ^ ™v{-\{CD G t)+iTe^\{l)X (3.34) 

where ((z) = ci(\(z) + (j_(z) = Y^ n =i c n(n( z )- Now we perform the following change of 
variable 

C±(z) = C±(z) +trg 0± (z,l)e^/ 2 (3.35) 

where 

90± (z,z>) = J2 UZ)UZ,) (3.36) 

is the Green function of the m = sector orthogonal to the mode (i{z). Then, integrating 
in r, we find 



Y = ^<-w(i.i) / p[a I dCl exp H^ c ^-! (* + n&k) } 

(3.37) 

where goj_(l, 1) > because fij > for j ^2. The coefficient of — cf/2 can be written in 
the following form 

/ " <7o(M) (3.38) 



#o±(M 

from which one immediately sees that it is strictly positive, being 

0,(1, 1) = ao(l) 6„(1) = - (1 _ fl2) < . (3.39) 
Now we can integrate in c% and the final result for Y is 

Y = . 1 fv\(±] e-^' D ^ . (3.40) 
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This procedure shows that in spite of fix < the constrained integral is stable. 



Thus one could work keeping fixed fi and the boundary length I. Instead, to compare 
our results with the ones obtained in |2j, we introduce also the fixed area constraint. 
Exploiting again the integral representation of the 5 functions, the functional integral for 
the m = wave coming from (|3.33|) reads 

j±y 2 Jv[(\ JdpJdre W ^~(C,D Q C)+ipj\H^)dx + iTe^ 2 C(l)] ■ 

(3.41) 

Separating the mode relative to the negative eigenvalue /ii and proceeding as shown 
before, we get the following result for the contribution Zo(rj; A, I) of the m = wave to 
Z( V ; A,l) = e~ s ^,D/b> n +- Zm{j] . AJ)to one loop 

(3.42) 



l 0j 

ixA 1 1 



b 2 l 3 (-detM )V2 (-DetA)) 1 / 2 
where 



detM = e 



M 1 ) 



g (l, 1) £ £ e*°Wg (x, y) e^dx dy - Qf * g (x, 1) e^dx^j 

(3.43) 

Using the explicit expressions for e^ c and go(z, z'), we get 

, s, (I -a 2 ) 2 (2tiA\ 2 1 

det M = - ! —r = - -—- - . 3.44 

4(1 - 2r7) 4 V 1 2 J (1 — 2?7) 2 v ; 

Summing up, our procedure has lead us to the following expression 

Z(rj;A,l) = e-toWPf^hfaa^l + Otf)) (3.45) 

b 2 P (-det Mo) 1 / 2 (-DetD)V2 V + U V » ^ 

26 2 / (-Det D)V2 + U[0 >> V Al > 
where the remaining quadratic path integral (—Det D)~ 1 ^ 2 involves all the waves m ^ 

(-DetD)- 1 / 2 = -^£L [v[x±]e-^' D ^ (3.48) 
and it is unconstrained. 
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3.5 The one point function to one loop 



The unconstrained functional integral occurring in (|3.47J1 must be computed with the 
boundary conditions 



~ r2 ~jflX(z) = n /i B b 2 e Vc/2 x(z) 



when 



(3.49) 



To determine the function fi(r],a 2 ) = f(r],A/l 2 ) in (|3.45jl we shall compute the derivatives 
of log(-DetD)- 1 / 2 w.r.t. 77 and a 2 by exploiting QTM. Indeed, from (fSZHJ) and $£TB) 
one sees that (— Det D)~ 1 ^ 2 depends only on 77 and a 2 . By using the explicit expressions 
for g(z, z) and g B (9, 6) in (|2.26jl . given by ()3.22j) and ()3.26|) respectively, we find that 



^log(-DetD)- 1 / 2 



d 

da 2 



log(-Det D)- 1 ' 2 



27 B + 



1 

1-a 2 



1 - 2r) 



+ 2V>(1 - 2?7) - 27rcot(27rr/) 



(3.50) 
(3.51) 



Combining these results, we obtain 

(-DetD)- 1/2 



p e 2 ™ T(2rj) 



(3.52) 



1-a 2 ttVI - 2rj 
where (3 is a numerical factor. 

Exploiting the relation (j3.fi)) and the expression ()3.47j) . the one point function at fixed 
area and boundary length reads 



%A0 = e 



-s (mA,i)/i> 2 



(3 I e 2 ™ T(2t]) 



(l+0(6 2 )) . 



(3.53) 



8tt 2 b 2 A y/l-2ri 

The bootstrap approach gives for the one point function at fixed area and boundary length 
the following result [2] 

l-2?7 



1 r(2?7 - b 2 



lT(b 2 



b T(l + (l-2r])/b 2 ) \ 2A 
The one loop expansion of (|3.54J) is 2 



exp 



AA sin(7r6 2 ) 



(3.54) 



Z v/b (A,l) = exp\- — 



I 2 ( 2A 

+ (1-277) ( lQ g— +log(l-277)-l 



4tt A 



x 



e -7B 1 6 2VJE y(2t]) 



2^2^ b 2 A V 1 - 2 V 



(3.55) 



2 here we correct a misprint occurring in eq. (2.48) of 
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which agrees with ()3.53|) . except for the arbitrary normalization constant f3. Eq. (|3.53|) 
provides the first perturbative check of the bootstrap result ()3.54j) . 



Integrating back ()3.53|) in A we obtain 

1=22-1-1 



Jo A 



2b' 2 ' 2 



x (3.56) 



(3 e 2 ^r(2r/) 



*&/&0 (l+0(62)) 



and integrating further this result in I according to (j3.27|) we find to one loop 

U( mf i,fi B ) = e ^(|io g (^ 2 Hi~io g (i-2,)) x {3 57) 

(3 e 2 ^ E T{2r]) cosh (trx((1 - 2r])/b 2 + l)) 



x 



a/ TTflb 2 



27rb 2 ^1=2^ ((1 - 2rj) /b 2 + l) sin (tt(1 - 2r]) /b 2 ) 
where a is defined as follows [2] 

(cosh(Tra)) 2 = ^nb 2 . (3.58) 
A 4 

We notice that the factor 1/ sin (tc(1 — 2r])/b 2 ), which displays infinite poles for b 2 — > 0, 
is due to a divergence at the origin in the Laplace transform in /. 

The expression (j3.57J) agrees with the one loop expansion of the bootstrap formula El 

2 Q-2a f 2a 1 \ 

U(a;n,n B ) = - (rr^(b 2 )) 2b T(2ab - b 2 ) V f — - - - 1 J cosh (ns{2a - Q)) (3.59) 

where Q — 1/6 + b, j(x) = T(x)/T(l — a;) and the parameter s is defined by 

(cosh(vrfo)) 2 = A sin(vr6 2 ) . (3.60) 
fi 

We notice that in the limit a 2 — > 1 the semiclassical contribution to U(r); fj,, fi B ) in ()3.57|) . 
which is 

e i l? 1 (l lo g(^ 2 )+l-log(l-2r,)-|loga 2 ) _ g-S^^c] (3.61) 

goes over to the semiclassical result of the pseudosphere [I], up to an rj independent 
normalization constant. On the other hand the quantum contribution develops an infinite 
number of poles for b — > 0, as discussed after ()3.5 



Conclusions 

The extension of the technique developed in [T] for the pseudosphere has been successfully 
applied to the conformal boundary case. 
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A general method has been found for treating functional integrals with constraints, like 
the fixed area and boundary length constraints. We proved that, by properly regularizing 
the Green function, the correct quantum dimensions for the vertex functions are recovered. 
We gave the explicit computation of the one point function at fixed area and boundary 
length to one loop, providing the first perturbative check of the results obtained through 
the bootstrap method [21 E|- 
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Appendix 

A The spectrum of the D operator 

Here we examine the spectrum of the operator 

& = ^D = -d z d- z + 2n»b 2 e*° = - d z d- z + - (A .l) 
2 ({zz)n - a 2 {zzy- r i) 

with boundary conditions (j3.11J) 

1 +a 2 

(zd z + zd s ) X (z) = (1 - 277) - X (z) when \z\ = 1 (A.2) 

v 1 — a z 

where e Vc is given in (jH.lj) . 

Considering the wave m = 0, the eigenvalue equation with eigenvalue A 

©oX = fA)X = Ax (A.3) 

can be rewritten as 

(d^p* =yPAx (A - 4) 

where y = a 2 '(zz) 1 ' 271 , p = 277/(1 — 2r/) and 

A = (1 - 2r/) 2 (a 2 ) 1 /(i-2^) • (A ' 5) 



(A.6) 



The boundary conditions (|A.2|) read 

X 



y = a 



2a 2 (l-a 2 ) 
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and x(y) i s regular at the origin. For A = 0, the solution of (|A.4|) which is regular at the 
origin is 

k = i±i (A.7) 
1 - y 



i.e. the function a$ given in ()3.17|) . but it does not satisfy the boundary conditions (jA.6|) 
because 



h 

being a 2 < 1. Thus we have 



2 1 + « 2 /AC 
< 0~2?1 l2\ ( A ^ 



y = a 



1 - a 4 2a 2 (l - a 2 



= / /o(e/ )dy = / (y(f^ 2 + -^--)dy-a 2 f^a 2 )f (a 2 ) 



(i-y) 2 

(l-y) 2 J~» (1-a 2 ^ 3 



v{fiY + 7 M\ dy .?^l (A . 9) 



2/ 2 \, 2a 2 (l + a 2 ) 



i.e. 

Now it is easy to modify slightly f near y = a 2 to a function / e satisfying the boundary 
conditions (|A.6|) and for which 

fe(efe)dy = £ ^y(f^ + ^^yy-a 2 f^a 2 )f £ (a 2 ) (A.ll) 



with 

Km f'(n 2 \fJn 2 \ = 

2a 2 (l-a 2 ) 

and 



lim/;(a 2 )/«(a 2 ) = - £± " 2) ' (A.12) 



Being a 2 < 1, we have that 

2a»(l + a a ) (1 + a 2 ) 3 
(1 - a 2 ) 3 2(1 - a 2 ) 3 1 ' J 

and therefore on such test function f e , which is not an eigenfunction, we have 



f £ ef £ dy<0 (A. 15) 

for sufficiently small e. This proves that the operator O is not positive definite, i.e. it 
possesses at least one negative eigenvalue Ai < 0. 
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We want now to prove that the ground eigenvalue Ai is the only negative eigenvalue 
occurring in the spectrum. First we write the eigenvalue equation (jA.4j) as 



(yxJ = [ - y p A) x ■ (A.16) 

The solution of (fA~Tfijl which is regular at the origin can be written as the following 

convergent series 

X = X (0) +X {1) +X {2) + ... (A.17) 

with x = 1 an d 

» 



r 



jT(togy-logyi) ( _ 2 ^ )2 - y p x h\ x (B_1) (yi) d Vl . (A.18) 



From ()A.17|) and ()A.18|i . one immediately realizes that for A < the function \ is 
a positive function, increasing in y and a pointwise increasing function of —A. Since 
Ai < 0, the ground state eigenfunction is a positive function. The eigenfunction relative 
to A 2 > Ai must possess, by orthogonality, at least one node, but, as we cannot have a 
node for A 2 ^ 0, we must have A 2 > 0. Thus the operator with boundary conditions 
(IA.2J) has one and only one negative eigenvalue. The presence of a negative eigenvalue 
makes the unconstrained functional integral ill defined. 

Obviously one has to consider also the positivity of the partial wave operator for m — 1 
and higher m. The eigenvalue equation in y — a 2 u = a 2 (zz) l ~ 2v for m ^ 1 is 

It will be sufficient to examine the case m — 1. The iterative solution of the following 
equation 

<«'>'- ^H^-^)* (A ' 2o) 

is provided by series (lA~T7l) with 

X (0) = 2/ 7/2 (A.21) 

X {n) = -/V^r /2 -V^V a )(^ (A.22) 

where 7 = 1/(1 — 2rf). Since we have always y\ ^ y, then 

i/ 7/ V 7/2 - y- j/2 yJ /2 > . (A.23) 
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Again, being > 0, we have that the terms of the series for A ^ are positive increasing 
in y and pointwise increasing in —A. For m = 1 and rj = we know a solution of the 
equation with null eigenvalue. It is 

i 

X = (A.24) 

i -y 

which gives 

^ = 1 + V (A 25) 

X 2y{\-y) 1 • ; 

i.e. it satisfies identically the boundary conditions (jA.6|) . Thus for m = 1 and rj = we 

have the marginal eigenvalue A = 0. Since x pointwise increases when —A increases, then 

we cannot have nodes for A < and, by orthogonality, we cannot have eigenvalues for 

A < either. Thus, for m = 1 and rj = the operator is positive semidefinite. Then, 

from (|A.19|) . we see that the operator is positive definite when m > 1 and 77 ^ (always 

f] < 1/2). For m = 1 and 77 < the operator is not positive definite (use as test function 

the solution f)A.24|) for m = 1 and rj = 0) and therefore, when rj < 0, we have instability 

also for the m = 1 wave. 
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